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Abstract. Given a compact symplcctic manifold M with the Hamiltonian action of a torus T, 
let zero be a regular value of the moment map, and Mo the symplectic reduction at zero. Denote 
by kq the Kirwan map H^,(M) — > H*(Mq). For an equivariant cohomology class r] E ffJ,(M) we 
present new localization formulas which express J M ^ ko(??) as sums of certain integrals over the 
connected components of the fixed point set M T . To produce such a formula we apply a residue 
operation to the Atiyah-Bott-Berline-Vergne localization formula for an equivariant form on the 
symplectic cut of M with respect to a certain cone, and then, if necessary, iterate this process 
using other cones. When all cones used to produce the formula are one-dimensional we recover, 
as a special case, the localization formula of Guillemin and Kalkman |GKI . Using similar ideas, 
for a special choice of the cone (whose dimension is equal to that of T) we give a new proof of the 
Jeffrey-Kirwan localization formula JJK1| . 



This paper is dedicated to Alan Weinstein on the occasion of his 60th birthday. 

1. Introduction 

Assume we are given a compact symplectic manifold M with the Hamiltonian action of a torus T. 
There are two kinds of localization theorems which express the integral over M of an equivariant 
cohomology class n <G H^(M) and the integral over the reduced space Mo of the Kirwan map Ko(rf) 
as sums of certain terms which involve integration over the connected components of the fixed point 
set M T . In particular, these localization theorems say that both J M n and J M Ko(ri) depend only 
on the restriction of r\ to M T . 

More specifically, the localization theorem of Atiyah-Bott |AB| and Berline-Vergne |BV| (or just 
the ABBV localization theorem) expresses the integral over M (that is, the pushforward in equi- 
variant cohomology with respect to the map M — > pt) of a class n S H^,(M, C) as a sum of integrals 
over the connected components F of the fixed point set M T of the restriction of r\ to F divided by 
the equivariant Euler class of the normal bundle of F: 



where ip is the natural inclusion F — > M and e(v{F)) is the equivariant Euler class of the normal 
bundle v{F). 

To treat the other kind of localization theorems, let zero be a regular value of the moment 
map jtx : M — > t, (Mq^uiq) the symplectic reduction at zero and kq : H^(M) — > H*(Mq) the 
Kirwan map. Then the Jeffrey-Kirwan |JK1| and Guillemin-Kalkman GK localization theorems 
express the integral over Mo of classes Ko{v) eUJ ° an d K o( 7 ?) respectively as sums over some connected 
components of M T of certain terms similar to those appearing in the ABBV localization theorem. 
We postpone the precise statement of the Guillemin-Kalkman theorem until Section^] However the 
Jeffrey-Kirwan localization theorem applied to the case of abelian group actions states the following 
under the above assumptions. 
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Theorem A. |.TK1| For n g H}(M) we have 

where c is a non-zero constant, X is a variable in t®C so i/ia£ a T-equivariant cohomology class can 
be evaluated at X , and Res A is a multi- dimensional residue with respect to the cone Act defined 
in Section^ 

The similarity of the ABBV localization theorem to the Jeffrey-Kirwan localization theorems is 
transparent, and is of course not a coincidence. In the case of Hamiltonian circle actions, Lerman |Lej 
showed that it is possible to deduce the Jeffrey-Kirwan and Guillemin-Kalkman theorems from 
ABBV localization using the techniques of symplectic cutting. The idea, which was also present, 
though not explicitly stated, in GK, is to use symplectic cutting to produce a Hamiltonian space 
whose connected components of the T-fixed set are either the reduced space Mo or some connected 
components of the set M T . Then the ABBV localization theorem on this symplectic cut yields 
a formula which relates integration over some of the connected components of M T and over the 
reduced space Mo. To arrive at the Jeffrey-Kirwan and Guillemin-Kalkman theorems for the case 
of a circle action, it remains to apply residues to both sides of the ABBV localization formula for 
the symplectic cut. 

The goal of this paper is to illustrate that an analogous approach works for higher dimensional 
torus actions as well. Let us outline the main idea. Lerman's original definition of symplectic cutting 
was given for the case of circle actions. However it can be generalized to multidimensional torus 
actions, when the symplectic cut is defined using any rational convex polytope. We will only consider 
the special case of symplectic cutting with respect to a cone. Let S be a convex rational polyhedral 
cone (centered at the origin) in the dual t* of the Lie algebra t. If a is an open face of E (that 
is, the interior of a face of E), let T a be the subtorus of T whose Lie algebra is annihilated by a. 
Then, as a topological space, the symplectic cut Ms is /i (E)/ ~, where p ~ q if n(p) = fi(q) G a, 
for some open face a of S and p, q lying in the same T a orbit. As shown in LMTW , for a generic 
choice of E, the cut space My: is a symplectic orbifold with a Hamiltonian T action. The moment 
map image of Ms is just the intersection fi(M) n E. Moreover, any equivariant cohomology class 
7] E Hj>{M) naturally descends to an equivariant class rfs on Mj. 

Some connected components of the fixed point set M^ may be identical to those of M T ; we 
call them the old connected components (see Definition I2.1|) . One of the connected components 
of M| is always the reduced space Mq. Hence if we apply ABBV localization to the class 77s on the 
symplectic cut Ms, we will get a formula which relates the integration over Mo to the integration 
over the connected components of M^ , some of which are the connected components of M T . We 
will show that we can apply the iterated residue operation to both sides of this ABBV localization 
formula, so that the term corresponding to Mo simplifies. More specifically, this term becomes a 
constant times the integral of Ko(r]) over Mo. 

The major difference with the circle case is that in the formula just described, besides a con- 
tribution from the term corresponding to Mo and the terms corresponding to the old connected 
components, there will be contributions coming from the new connected components of M^ , which 
are neither part of M T nor part of Ma (see Definition 12.1(1 . However, using the ideas of |GK| we 
can iterate this process to get rid of these terms. Namely for each new connected component F' , 
we can symplectically cut a certain submanifold M' of M with respect to some cone E', so that F' 
is a connected component of the T action on M E , . Then we can apply the ABBV theorem and 
the residue operation again to M s/ to express the integral over F' in terms of integrals over the 
connected components of the fixed point set M^ ■ As we will show this process can be iterated 
until all the terms coming from the new fixed points disappear. So the integration of the Kirwan 
map over Mo can be expressed as a sum of terms which involve integration only over the connected 
components of M T . 
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The objects which carry the information about which cones are chosen in this process are called 
dendrites, and are defined in Section 14.31 Every dendrite gives a localization formula. If all the 
cones used in a dendrite are one-dimensional, then we recover the Guillemin-Kalkman |GK| local- 
ization theorem. However, if we choose higher dimensional cones, in other words multi-dimensional 
dendrites, we get new localization formulas. 

Notice that the Jeffrey-Kirwan localization theorem does not involve any iteration. Nevertheless, 
it fits into the framework just described. While for actions of tori of dimension greater than one any 
symplectic cut with respect to a cone always has new connected components of (the connected 
components which are neither in M T nor in Mo), it is plausible that their contribution to the ABBV 
localization theorem becomes zero after taking residues. In this case the iterative process described 
above would stop at step one. We were not able to use precisely this argument to give a proof of the 
Jeffrey-Kirwan localization theorem. However, we will show that for a good choice of the cone E, 
a very similar argument which involves taking residues of the ABBV formula for symplectic cuts 
yields the Jeffrey-Kirwan formula given in Theorem lAl 

The paper is organized as follows. In Section [3 wc carefully review well-known objects from the 
theory of Hamiltonian group actions, such as symplectic reductions, symplectic cuts, equivariant 
cohomology and the Kirwan map. We also recall the orbifold version of the ABBV localization 
theorem. Section [3] is devoted to the residue operation. The definitions of residues are based on 
the theory of complex variables, do not involve any symplectic geometry and are independent of 
the material summarized in Section In Section 0] we present the generalization of the Guillemin- 
Kalkman localization theorem to the case of multi-dimensional dendrites. Finally, using an analogous 
approach, in Sectional we give a new proof of the Jeffrey-Kirwan localization theorem. 

2. Symplectic cuts and other preliminaries 

In this section we recall the construction of symplectic cuts with respect to cones and other results 
in symplectic geometry. All of the results in this section (with only one exception: Proposition 12. 2(1 
have appeared in the literature, so we state them without proof. 

2.1. Symplectic reduction. Let (M, u) be a symplectic manifold with the action of a Hamiltonian 
torus T and a moment map fj, : M — > t*. For pet* the symplectic reduction M p = M // T of M 
at p is defined to be /x -1 (p)/T. Whenever p is a regular value of the moment map, the symplectic 
reduction M p is an orbifold. 

For a subtorus H C T, denote by M H the fixed point set of the H action on M and by 
the connected components of M H . It is well known that every M/* is a symplectic manifold with 
a Hamiltonian action of the torus T/H . The convexity theorem of Atiyah PQ and Guillemin- 
Sternberg |GS| states that if M is compact and connected then n{M) is a convex polytope. In 
particular, every fi^Mf 1 ) is a convex polytope inside /z(M); we call it a wall of fx. 

Let T be a product of two subtori H x S. Denote by 7r the natural projection t* — > s*. Then the 
composition -k o fi is a moment map for the S action on M. Moreover, the action of S on M restricts 
to a Hamiltonian action on M H whose moment map is again given by ir o /i. Because of this, for 
p € n{M H ) we call the space 

M H // p S = (^(p) n m h )/t = ( M -» n M H )/S 

the symplectic reduction of M H at p. 

If M is compact and q £ s* then the set TT^ 1 (q) n n{M H ) contains finitely many points p,. It is 
easy to see that the fixed point set of the H action on M // S is the union of spaces M H // p .S. 

2.2. Cutting with respect to a cone. Given a linearly independent set (3 = {/3i, . . . , /3k} of 
weights of T, define the cone S = E^g C t* to be given by all nonnegative linear combinations of the 
weights of j3, namely E = {J2 Si@i\si > 0}. (Note that we allow k to be less than dimT.) For a set I 
of indices between 1 and k, denote by E 7 the open face of S given by positive linear combinations 
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of weights indexed by the elements of I, that is, E 7 = {J^iei S «AI S « > 0}. It will be convenient to 
denote the subtorus of T perpendicular to E 7 by T 7 . 

Assume that (M, to) carries a Hamiltonian T action with moment map fi. For simplicity assume 
that the T action is effective so that /it(M) is a polytope of dimension equal to dim T. As a topological 
space the symplectic cut with respect to a cone E = E/3 is the space 



where x ~ x' if = n(x') € E^ and x and x' lie in the same T 7 orbit. Clearly, the torus 

action on M descends to an action on Ms. Notice that the action on Ms is not effective unless 
dimE = dimT, since the subtorus T s of T perpendicular to E acts trivially on Ms- 

In the case of a circle action, when every cone is just a ray, Lerman |Le) realized that under certain 
mild conditions this space is an orbifold, it carries a natural symplectic form, and the residual torus 
action is Hamiltonian. As shown in |LMTW| similar results hold for symplectic cuts with respect 
to cones. Even more generally, symplectic cutting has been extended to cutting with respect to 
polytopes |LMTWj , cutting for nonabelian groups |JVle| and Kahler cutting |BGL| . For the purposes 
of this paper we only need to consider symplectic cutting with respect to cones. 

To recall the results of |LMTW| let us give another construction of Ms- Let Cp t be a complex 
line on which T acts with weight Let C/3 = Cp t x • • • x Cp k . Then the T action on C/3 is 
Hamiltonian with respect to the symplectic form cue = y—1 dzi A dz~i , where Zi is the standard 
complex coordinate on C/3;. Its moment map is tp(z) = ^ f3i\zi\ 2 , so that the image of C/3 under the 
moment map is the cone E. Consider the symplectic form (u>, — luc) on M x C/3. Then the diagonal 
torus AT C T x T acts on this space in a Hamiltonian fashion and its moment map <p is given 
by <f>(x,z) = (a(x) — ip( z )- As shown in LMTW] the symplectic cut Ms is homeomorphic to the 
symplectic reduction (M x Cp)// Q AT. 

Hence, to guarantee that Ms is a symplectic orbifold it is enough to assume that zero is a regular 
value of (j>. It is easy to see that this is equivalent to the following 

(*) Every E 7 is transverse to every wall W of ju(M), that is, dim(E / (~lI^) < |7|+dimW— dimT. 

If (*) holds we say that E is transverse to fi and from now on we consider only the cones satisfying (★). 

We can write T x T as the product of the first copy of T (that is, T x e) and AT. Hence after 
reducing M x C/3 with respect to AT, the action of the first copy of T descends to an action on the 
reduction Ms . As shown in LMTW , this action is Hamiltonian and there exists a moment map /xs 
on Ms whose moment map image is the intersection fx(M) n E. 

Let us describe the connected components of the fixed point set M- . We will separate them into 
three sets: the old fixed points, the new fixed points, and the fixed points at zero. 

Definition 2.1. The old fixed points exist only when dimE = dimT; they are all the connected 
components Fi of M^ for which /is(Ti) is in the interior of E. The set of fixed points at zero is 
defined to be the connected component /i^ 1 (0) of M-, which is just the symplectic reduction Mq. 
The new fixed points are all the other connected components F- of M^. 

It is not difficult to see that every Fi is also a connected component of the fixed point set M T , 
while F[ do not correspond to any fixed points on M. 

2.3. Kirwan map. We recall the definition of equivariant cohomology iT^(M) with complex coef- 
ficients using the Cartan model. Denote 



where S(t*) denotes the algebra of polynomials on t and il*(M) T denotes all T invariant differential 
forms. So, if / G S(V), a € Q*(M) T and X e we set (/ ® a)(X) = f{X)a. The T-equivariant 
differential on Wp(M) which defines the equivariant cohomology is given by 



Ms = /x" 1 (E)/ 



n* T (M) = s{t*)®n*(M) T , 
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where £1, . . . , £d is a basis of g; xi, . . . ,Xd is the dual basis of t*; and ^ M is the vector field generated 
by the action of £\ If the equivariant form (3 g f2^(M) is closed, that is drfi = 0, we denote by [/?] 
the cohomology class it represents. 

If T acts locally freely on M then it is well known that 

H^{M) = H*(M/T), 

and if the action is trivial then 

tf*(M) = H*(M) ® S(t*) = H*(M) ® H*(pt). 

For pet* let i p be the inclusion p,~ 1 (p) °-> M. If p is a regular value of the moment map then T 
acts locally freely on /i -1 (p) so that 

(2.1) H* T ^-\p)) = H*{p-\p)/T) = H*(M// p T) 
Composition of the pullback i* with the isomorphism (|2.1|) defines the Kirwan map 

k p : H* T {M) - H*(M// p T). 

Kirwan [K] showed that if M is compact this map is surjective. In the presence of another Hamil- 
tonian action on M by a torus T" which commutes with the action of T, the Kirwan map generalizes 
to its equivariant version: 

Kp :H* xT ,(M)^H^(M// p T). 

Kirwan surjectivity was generalized to this case in |Go| . 

Analogously, in the case when T = H x S and p G p(M H ) we can define the Kirwan map 

< :H* s (M H )^H*(M H // p S). 

We will mostly be interested in the equivariant version of this map. Let us take account of the trivial 
action of H on both M H and M // p S. So in the rest of the paper n p will be the map 

(2.2) < :H* T {M H )^H* H {M H // p S). 

Let us now apply the equivariant version of the Kirwan map to symplectic cuts with respect to 
cones. Given a cone £ = E^, the product T x T acts on M x Cg and the symplectic cut Ms is 
produced by reducing M x Cp at 0. So if we think of T x T as the product of T x e and AT, then 
the equivariant version of the Kirwan map produces the map 

Ks : H* TxT {M x Cp) - ff Txe (M s ) = H* T {M^). 

As mentioned before the action of T on Ms might not be effective, since the torus T s orthogonal 
to the cone £ acts trivially on Ms- In particular, 

H£(M E ) = ff£ /rS (M E ) ® H^ipt). 

For 77 £ H^(M) denote by rys the class ks(?7 <£> 1) G iff. (Me). It is an easy exercise to see that 
m G ^ /t e(M s ) <g> 1. 

Let us also notice that if i*j is a connected component for the fixed point set of both M and M^ 
with p{Fi) = p,T,{Fi) G Int(S), then 

where by abuse of notation we denote by Lp i both the inclusion of Fi into M and that into Mj> 
(Because S is transverse to jtx(M), the existence of such implies that the dimension of the cone is 
at least the dimension of fi(M).) It is also easy to see that 

iM Wz = «o(»?) ® 1 G ff*(M ) ® 1 C H*{M Q ), 
where, since T acts trivially on M , we know that H^(M ) = H*(M ) ® 5(t*). 
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2.4. ABBV localization theorem. Suppose that M is compact, oriented and carries the action 
of a torus T. The pushforward map from H^(M) to H^(pt) is the integration over M and is denoted 
by J. The theorem of Atiyah-Bott and Bcrline-Vergne (or just the ABBV theorem) |ABI IB V] states 
that for 77 e H£(M) 

(2.3) **» 



Here are the connected components of the fixed point set M T , tp^ : Fi M are their inclusions, 
v(Fi) are the normal bundles of Fi, and e{v(Fi)) are their T-equivariant Euler classes. 

We need to know more about these T-equivariant Euler classes. Because of the splitting prin- 
ciple BT we can assume without loss of generality that e(v(Fi)) splits as a sum of line bundles 
L\ ® • •• ® Lfe. Assume T acts on the fibers of with weight A-j. Then the T-equivariant Euler 
class is 

(2.4) e (z,(F0)=n(^+ci (^)), 

where ci(L^) is the first Chern class of T;. 

The ABBV localization formula was generalized to orbifolds by Meinrenken |Mej . We refer to |Mej 
for details. Let us just mention that the only difference with (|2.3|) is the appearance of constants 
before each term of the formula: 

k\ 1- f - _L f L * F > iv) 

1 ' d M J M v L. dF J Fi<v{Fi) y 

where for a connected orbifold X, the size of the finite stabilizer at a generic point of X is equal 
to dx- Moreover (|2.4II is still a valid formula for orbifolds, where the Ai (when properly interpreted) 
are rational weights of the action on the normal bundle. 

Another important property of the equivariant Euler classes is the following generalization of 
Proposition 3.1]. 

Proposition 2.2. Assume T = S x H, ir : I* — > s* is the natural projection, p E fi(M H ), and 
q = 7r(p). Then Kp : H^{M H ) — * Hjj(M // S) takes the T-equivariant Euler class of the normal 
bundle of M H onto the H -equivariant Euler class of the normal bundle of AI H // S in M// q S. 

Proof. The argument is almost identical to the one used in |CjK| . Namely, let Z = /i _1 (p) (~l M H 
and let p be the projection from Z to M H US and i : Z c — > M H . Then 

i*v{M H ) = p*v{M H // p S). 

The proposition follows from functoriality of the Euler class as a map from oriented vector bundles 
to cohomology. □ 

3. Residues 

In this section we define the residue operations and discuss their basic properties. 

3.1. Residues of meromorphic 1-forms in one variable. Think of the Riemann sphere as the 
one point compactification CU{oo} with the complex coordinate z on C. Let f(z) be a meromorphic 
function on the Riemann sphere with values in a topological vector space V which can be written 
as the finite sum 

3 

where gj(z) are rational functions of z and Xj G M. Then in the case when all Xj 7^ we define 

Res(/ dz) = res(.9j(z)e^ z ; z = b) 

Aj>0 beC 
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as was done in |.TK2| . The other case we will be interested in is when Xj — for all j; then we define 

(3.1) Res(/ dz) = lim Resf(z)e lsXz dz 

s-»0+ 

for some A > 0. It is easy to see that in this case Res(/ dz) is just the sum of all residues on C and 
since the sum of all residues of a meromorphic function is zero we conclude that 

Res(/ dz) = -res z=QC (f dz). 

Given a linear map ip : V — > W between two topological spaces, the residue commutes with it 

(3.2) ^(Res(f)dz) = Res(V>(/)<fe). 

In the case when V carries an algebra structure, an example which will be important for us is the 
residue of the function of the form 

j = 9{z) 
cz + a' 

where a £ V, c G C — {0}, and g{z) is a polynomial in z with values on V . For A = ^ use 

(3.3) _2_ = 1_ A + J 4 2 -..., 

to rewrite / as a sum X)J=-oo li z * f° r 7? G wm ch converges for ||| < 1. 
Let w — - be another coordinate on the Riemann sphere. Then 

E, / —dw 

j=—ma 

is the Taylor expansion of fdz at w = 0. Hence 

mo oo 

(3.4) Res(/ dz) = -res z=oc ^ 7 3 z J dz^j = res w=a ^ 7_,-ur'~ 2 du?J = 7_i. 

j=—oo j=-m 

In the case when <?(z) is just a constant go G V', we get 

(3.5) Res(/ dz) = ^. 

c 

We emphasize that the residue is well defined only as a function of meromorphic 1-forms, not 
functions; the residue at of the 1-form f(z)dz is independent of the choice of coordinate z (invariant 
under a change of variables z i— > g{z) provided that g(z) is a meromorphic function of z and dg(0) = 
whereas this is not true of usual definition of the residue at of a meromorphic function). 

3.2. Residues of functions of several variables. Let us now consider a function / of several 
complex variables with values in a topological space V. More precisely, we assume / is defined on 
the complexified Lie algebra tc = t<£> C of the torus T, and / is a linear combination of functions of 
the form 

(3.6) h(X) - 

for some polynomials q(X) of X £ to with values in V, A G t* and some a±, . . . , ak G t* — {0}. 

Choose a coordinate system X\ , . . . , X m on t, and denote by the same letters the complexified 
coordinates which provide a coordinate system of tc- Let tf> be the subspace of t given by zeros of 
Xi, . . . , Xg. Define 

Res m (h dX m ) = Res(/i dX m ), 
where the variables X\, . . . , X m _i are held constant while calculating this residue. As explained in 
Remark 3.5(1) of ; JK2 , in the case A ^ the residue Res m is well defined only for a generic choice 
of coordinates X\ , . . . , X m (the precise condition on the coordinates being specified in this Remark) . 
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Moreover, by Remark 3.5(2) of JK2 . Rcs m (/ dX m ) is a linear combination of functions of the form 
(3-7) h(X) = e . 

where q(X) is a polynomial on the complexification of t/t m „i and ctj are in the dual of t/t m _i. 
To consider the case when A — 0, in other words 

(3.8) h°(X) = , 

we may make a choice of A e t* for which X°(X) = Y^Li^j X j with A^ > and define 
Res m (h°dX m ) as 

(3.9) Res m (h°dX m ) = lim Res m (/iV sA °dX" m ). 

We can easily check that the residue Res m is a continuous function of s £ R + and this limit exists, 
so we can define ReSm(hdX m ) even when A = 0. It is still true in this situation that Kes m (fdX m ) 
is a linear combination of functions of the form given in Ij3.8|) with A = 0. 

In the case when V is an algebra, an important generalization of (|3.5|l is the following. 



Lemma 3.1. 

Res m ( ^ — — dX m ) = — , 

V 2^ c t Xi +v I Cm 

where go, v € V and Ci £ C. 

Proof. The proof follows from (|3.4|) after setting c = c m and a = J^ZLT c i x i + v - D 

3.3. Iterated residues. We again consider functions / which arc linear combinations of functions 
of the form (|3.t)|) . As was just explained, Hes m (fdX m ) is a linear combination of functions of the 
form H3.7fl . which allows us to take the residue of this function again. So we set Res™ = Res m and 
by induction define the iterated residue 

Res m (/ [dX]f) = Res(Resr +1 (/ [dX]? +1 ) dX t ), 

where [dA] m stands for the form dX^A- ■ -l\dX m and, as above, the coordinates X\, . . . , Xg^\ are held 
constant while calculating this residue. Clearly Res m (/ [rfX] m ) is a function on the complexification 
of i/i t _ x . 

In the case V is an algebra, a generalization of Lemma fc. II states the following. 
Lemma 3.2. For a generic choice of coordinates Xi, . . . ,X m 



'<<<'(— --T^T (IX '," ^ ■'*' 

lli=i 



(a l (X)+v i ) I det(a) 



where go,Vi € V, on 6 t* — {0}, and a is the the matrix {aij}i<i< m -£^i-e<j< m , where cti(X) = 
a ij x j- 

Proof. The proof is analogous to the proof of property (iv) for the iterated residue in Proposition 3.4 
of pfej . Notice that for h° defined in the definition of Res™(/i [dX] m ) is given in |JK2] as 
the limit as s -> 0+ of Resf (h°e lsX(x) [dX]]T) where \[X) = £\ x j x j and w e choose A so that all 
the A 3 satisfy A 3 > 0. □ 

Given a linear map ip : V — > W between two topological spaces, the iterated residue commutes 
with this map: 

(3.10) V(Res7(/[dX]7)) = ResTWf)[dX]T). 
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3.4. Residues with respect to cones. Iterated residues depend on the choice of coordinates on t. 
Fix an inner product on t. Let us define residues which depend only on this inner product and a 
choice of a certain cone A in t. 

We introduce a function / which is a linear combination of functions of the form (|3.6(l . We consider 
the set where none of the functions Uj appearing in the denominators of functions h become zero, 
namely the set 

(3.11) {let,: otj(X) ^ 0, for all ay}. 

Let A be an open cone, which is a connected component of this set. 

Then for a generic choice of coordinate system X = (Xi, . . . , X m ) on tc for which (0, . . . , 0, 1) € A 
define the residue with respect to the cone A by 

(3.12) Res A (h [dX]) = ARes 1 l (/i [dX]) 

where [dX] = [<£X"]™ and A is the determinant of any (to) x (to) matrix whose columns are the 
coordinates of an orthonormal basis of t defining the same orientation on t as the chosen coordinate 
system. 

To guarantee that Hes A (h [dX]) is well defined (where h is of the form 1|3.6|) ). we need to make one 
additional assumption: we assume that A is not in any proper subspace of t spanned by some aij's. It 
was shown in |JK2| that under the above assumptions Res A (/i [dX]) is well defined, does not depend 
on the choice of the coordinates but only on the choice of the cone A and the inner product on t. 

Originally, the residue Res A was introduced in |JK1| as a generalization of a certain integral over 
a vector space. In JK2, Proposition 3.4], it was shown that the definition l|3.12() coincides with the 
original definition of Res A from |.TKlj . In |.IK2I Proposition 3.2] it was shown that certain properties 



together with linearity uniquely define Res A . Let us recall these properties: 

(1) Let ai,...,a v £ A* be vectors in the dual cone. Suppose that A is not in any cone of 
dimension m — 1 or less spanned by a subset of the {ai}. If J = (ji, . . . , j m ) is a multi-index 
and X J = Xl 1 . . . X%? then 

unless all of the following properties are satisfied: 

(a) {oti}\ =l span t* as a vector space, 

(b) v — (ji H h j m ) > to, 

(c) A 6 («!, . . . , a v ) + , the positive span of the vectors {a;}. 

(2) If properties (l)(a)-(c) above are satisfied, then 

Res A \ X T X)[d 3\=Y lixn Res* f^(X))^ [dX] 



and all but one term in this sum are (the non-vanishing term being that with k — v - 
(ji H him) - m). 

(3) The residue is not identically 0. If properties (1) (a) — (c) are satisfied with ai, . . . , a r , 
linearly independent in t*, then 



Rcs A 



iX(X) 



[dX] 



Xl7=i<Xi{X)J det(a)' 
where a is the nonsingular matrix whose columns are the coordinates of ai, . . . , a m with 
respect to any orthonormal basis of t defining the same orientation. 

When A is of the form X^=i SiOn where fewer than to of the Si are nonzero, then we define 



(3.13) Res A ( ^ ) = lim Res 



e 



x y_dx] \ _ lim A / ^(A(^)+ S p(x) )[dx] x 



10 



LISA JEFFREY AND MIKHAIL KOGAN 



where p G t* is chosen so that > for all £ G A, and for small s, A + sp does not lie in any cone 
of dimension m — 1 or less spanned by a subset of the {13 j}. 
We will need another property of residues. 

Lemma 3.3. Let f{X\, . . . , X rn ) be a function on t given by a linear combination of functions of the 
form \3. 61) with A ^ 0. Moreover, assume that for every set of values a±, . . . , a m -i of the variables 
Xi, . . . , X m —\ the function g(z) = /(oi, . . . , a m -i, z) is holomorphic. Let A be an appropriate choice 
of cone such that Res A (/[dX]) is defined, in particular A contains the point (0, ... ,0, 1). Then 

(3.14) Res A (f[dX\) = Rc S - A (f[dY}) 
where Yi, . . . , Y m is a set of coordinates such that (0, . . . , 0, 1) G —A. 
Proof. For fixed ai, . . . , a m _i, let 

g{z)=Y J 9^Y X]Z - 

Then 

Res(g(z)dz) = ies + (g(z)dz) = V" res(^(z)e lAjZ ; z = &). 

Aj>0 beC 

Define 

res - (s(z)dz) = J2 les (9j{z)e iX:iZ ;z = b )- 
Xj<o bee 

Since g(z) is holomorphic we have 

(3.15) ies + (g(z)dz) + res~ (g(z)dz) = 0. 

Since Res~ A does not depend on the choice of coordinates as long as (0, . . . , 0, 1) G —A, we may 
choose Yi = Xi for 1 < i < m — 1, and Y m = —X m . Then 

Res m (/(Yi, . . . , Y m )dY m ) = Res m (-/(Xi, . . . ,X m -i, -X m )dX m ) = res _ (-/(Xi, . . .,X m )dX m ) 

=t res+(/(X 1 , . . . ,X m )dX m ) = Res m (/(X!, . . . , X m )dX m ), 

where (f ) holds because of H3.15(l . Now (|3.14(l follows immediately from the definition of Res A using 
iterated residues. □ 



4. A GENERALIZATION OF GUILLEMIN-KALKMAN LOCALIZATION. 

In this section we discuss how to obtain the localization formula of Guillemin and Kalkman |GK| 
by applying ABBV localization and then residue operations on symplectic cuts along certain cones 
of dimension one. The same approach but with cones of higher dimension and iterated residues 
provides a generalization of Guillcmin-Kalkman localization. 

4.1. Guillemin-Kalkman localization. Let (M, u>) be a compact symplectic manifold with an 
effective Hamiltonian T action. Let fj, : M — > t* be the moment map. Pick a one dimensional cone E 
transverse to fi. Assume the cone S is generated by a single weight (3. If dimT = m, consider 
all (m — 1) dimensional walls of \l which S intersects. Every such wall Wi is an image /Lt(Mj) of a 
connected component Mi of M Hi for some one dimensional subtorus Hi of T. lipi is the intersection 
Wi n S, then G; = Mi// p ,T is a connected component of the fixed point set of the T/T s action 
on Mj> The only other connected component of this fixed point set is M , the reduction of M at 
zero by T. (If dimT = 1, then Gi are also connected components of the fixed point set M T , and 
using the notation introduced in Definition 12.11 Gi would be called the old connected components 
of the fixed point set. If dimT > 1, then in terms of the same notation Gi are the new fixed points.) 
Recall that any equivariant cohomology class rj G H^(M) descends to a class yys on M^: 



Vs = kz{t) <g> 1) G H^ /TS (M E ) <g> 1 c H%,(M S ). 
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Think of 77s as a class in H^ TS (Ms) and apply the orbifold version of the ABBV localization 
theorem to it: 

(AD 1 [ =_L f 1 y 1 f L hM) 

[ ■ 1 d Ms J Ms ^ d Mo J Mo e(KMo)) + ^ d Gi J Gi e(u(Gi)) ' 

where, as usual, Kq is the Kirwan map at zero and i Gi are the inclusions of Gi into M s . 

Apply the residue operation to both sides of l|4.1l) . For this we have to specify a coordinate X\ on 
the one dimensional Lie algebra of T/T s . Clearly the dual of this Lie algebra can be identified with 
the line in t* passing through the cone E. So (3 defines a coordinate on the Lie algebra of T/Ts, and 
we define Xp — X\ to be this coordinate. 

Using Xi we get the formula 

(4.2) Resi— / yys^Resi- — / - + > Resi— ^ / ' ■ 

% 2 Jm s d Ma J Mg e[y(Mo)) ^ d Gl J G . e{v{Gi)) 

Since j M 772 is just a polynomial function on the Lie algebra of T/T E , by (|3.4(1 the left hand side 
of (|4.2|) is zero. 

The normal bundle v{M$) is just a line bundle whose Euler class is given by 

(4.3) e(u(M o ))=X + Cl (u(M o )). 

where ci(u(M )) is the first Chern class of v(M ). Thus by (|?HU|) and 1 (53) 1 
/" « (»?) _ t 1 f _ f «o(»7) dXp \ _ 1 



dM„ J Mo e{is(M )) dM J Mo \X fj + ci(v(M ))J d Mo 



Resi 



Remark 4.1. To show that (f ) follows from (|3.1U|I think of e ^°^^ as a function of t with values 
in H*(M). If we define t/> : H*(M) — > C to be the usual integration on M, then (|3.10|l applied to 
this ip yields (f). □ 

Hence l|4.2[) yields a formula for the the integral of kq (77) over M of the Kirwan map of 77 in terms 
of the residues of certain integrals over the Gi. To put this formula in the form in which it appeared 
in |GK| let us transform the terms corresponding to the Gi in l|4.2|l by commuting Resi with the 
integration and the Kirwan map. 

By IpTTTl)! and Proposition O we have 

where tM i is just the inclusion of Mi into M, and as defined in (|2.2H n¥* is the Kirwan map from 
fl?(Afj) to H* /TS (Gi). 

Notice that each M t is fixed by the one-dimensional torus Hi, so that the Lie algebra f)j is a 
subspace of t. Pick a coordinate system X{, . . . , X l m on t such that X % m = (3 and X\, . . . ,Xj Tl _ 1 
vanish on t)i, so that t^-i = f),. Then it is not difficult to see that 

Resi o Kp? = k"/ o Res m ,j, 

where Res mj i is Res m defined using the coordinate system {X*} (note that the definition of Res m 
was given in (|3.9|l . This allows us to obtain the following restatement of jGKl Theorem 3.1]. 

Theorem B. For 77 E iJf (M) 



J Mo G% d Gi J Gi \e{v{Mi)) 1 

Guillcmin and Kalkman iterated this result using certain combinatorial objects called dendrites 
to produce a formula for j M Ko(rf) in terms of the integration over the connected components of the 
fixed point set M T of the original T action on M. We will discuss dendrites and their generalizations 
in Section |4~5I 
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4.2. Higher dimensional generalization of Guillemin-Kalkman localization. We now gen- 
eralize the formula of the previous section to the case when we cut with a cone of any dimension. 

As before, let (M, ui) be a compact symplectic manifold with an effective Hamiltonian T action. 
Let n : M — > t* be the moment map. Pick any cone E transverse to fi. Assume E is generated by the 
linearly independent weights /3i, . . . Recall that in Definition ^. II we distinguished three kinds of 
fixed points of Ms- the old fixed points (whose connected components are denoted by Fi), the new 
fixed points (whose connected components are denoted by F?), and the symplectic reduction Mq. 

As in the case of one-dimensional cones any equivariant cohomology class r\ £ (M) descends 
to a class rjs on Ms 

»7s = k s (?7 ® 1) e i?* /TE (M s ) <g> 1 c H^(M S ). 
As before, we think of rjs as a class in H^,, T s(Ms) and apply the ABBV localization theorem to it: 

, , 1 / 1 / *M v 1 / ^fe) v 1 /• 

1 ' j rfM s A/ s ^ rfM J Mo e(KMo)) + ^ ^ i Fl c(i/(Fi)) + ^ ./V/ e(i/(F/)) ' 

Here, Ko is the Kirwan map at zero and bp i , ip* are the inclusions of F^, FJ into Ms. 

Let us apply the iterated residue operation to both sides of (|4.5|l . As in the one-dimensional case 
the dual of the Lie algebra of T/T E can be identified with the subspace in t* passing through the 
cone E. Consider the set of weights {cti} which appear in the isotropy representation of the T/T E 
action at the connected components of the fixed point set of the T/Ts action on Ms- Notice that 
the weights /3i,...,$k of the isotropy representation of T/T s at Mo are the images of the weights 
Pi,...,Pk under the map (t/t s )* — > t*. In particular, the set contains the weights /?;. Let 

{A"i, . . . ,Xk} be a generic coordinate system on T/T s such that the determinant of the matrix 
which expresses (3i as a linear combination of Xj is one. 

Then by applying Res^' to both sides of (|4.5|l we get the formula 

,46) o = R e S ;MSi I _^ + y> s ;Si / W> + y-Re S jHi f 

du, y M „eMMj)) ^ dn J P ,e(v(F,)) d F , J„. e(v(F;))' 

where the left hand side is zero, since J M r\s is just a polynomial function on the Lie algebra 
of T/T s . 

The weights of the isotropy representation of T/Ts on the normal bundle v(Mq) are just ft. 
Hence v(Mq) splits as a direct sum of line bundles where T/T s acts on the fibers of Li by the 

weights Pi. Then the Euler class of u{M ) is just 

(4.7) e(v(M )) = JJ(A + ci(ij)). 

where ci(ij) are the first Chern classes of Z^. Thus by i|3.10|l (see also Remark l4.1|l and Lemma E01 
we have 



(4.8) Resf™ f ^ 



■J— f K o(r])- 

"M J M 



d M J Mo e(u(M )) d Mo J Mo 

By analogy with the one-dimensional case, we should now simplify the second and third terms of 
the right hand side of l|4.6|l . But the second term is already in the form we want, since it is written 
in terms of the fixed points of M. 

To simplify the last term of Q4.6[l . first consider the situation when a point — (Xs{F[) is an 
intersection of the interior of E with a wall of /x(M) of dimension r > 0. Assume that this wall is 
the moment map image of Mi, which is stabilized by Hi C T. Then by H3.10[l and Proposition 12. 21 
we have 

(4-9) -^-ResHidXjl [ $M-)=-L[ ResHidX^M ' 

d F > v Jl J F .e{v{Fl))) d F( J Ft V Jl p> K e[v{Mi)y 
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where tAf, is just the inclusion of Mi into M, and as defined before k / is the Kirwan map from 
H*(Mi) to H* /TS (F!). 

For the more general situation when pi is an intersection of any face of S with a wall of /i(M) 
of complementary dimension, formula 14.9J1 becomes a little more complicated. Namely the Euler 
class of F[ is no longer a Kirwan map image of the Euler class of Mi, but rather this multiplied by 
another class z^. The class Vi can be understood as follows. Take the symplectic cut Ms,i of Mi 
with respect to the cone £. This symplectic cut sits naturally inside Mj. Then Vi is just the Euler 
class of the normal bundle of i 7 !/ inside Ms,;. While this class can be quite complicated, by the 
Kirwan surjectivity theorem we know that there exists a class t; on Mi such that w p /'(Tj) = fj. So 
we conclude that 

d n V Jl i F , e{v(F!))J d F[ J F , V p i ^ e(iy(M i ))T l ' J 

To simplify this term even further, let us choose a set of coordinates on t as 

follows. Each is fixed by a subtorus i/^ of T, so that its Lie algebra t)i lies inside t. (Notice that 
dim Hi < dim£ and this inequality might be strict.). Choose any generic coordinates X\, . . .X % m _ k 
which vanish on f)^ and coordinates X^ n _ k+1 , . . . , X] n , which are the images of X\, . . . , X^ under the 
map (t/t s )* -> t*. 

Then we conclude that 

where Res™_ fc+1 on the right hand side is take with respect to coordinates Xf, . . . ,X^. Thus we 
get the following generalization of GK, Theorem 3.1] to the case of cones of arbitrary dimension. 

Theorem C. For r) E #* (M) 
(4.10) 

/ «ofo) = -Er/ K ^ dx ^¥rA -Er/ v'R<u +1 [^C- fc+1 ? j£h ■ 

Jm 7^ "p, Jf, e(z/(Fi)) ^ d^' Jf/ Pl e(v(Mi))ri 

4.3. Dendrites and their generalizations. In addition to Theorem Guillemin and Kalk- 
man |(tK| proved a formula which uses Theorem IE1 iterativelv to express J Mo K o{ r l) m terms of 
integration over the connected components of M T . They called the combinatorial objects responsi- 
ble for how the iteration is performed dendrites. 

Consider a finite collection D of tuples (E(g), W), where is a one-dimensional shifted cone 
(that is, if E C t* is a cone centered at the origin and get*, then E(g) = {x + q \x € £}) and is 
a wall of fJ,(M) such that E(q) lies inside the affine space spanned by W. Notice that according to 
our conventions every W uniquely defines a subtorus Hw of T and a connected component Mw of 
M Hw such that W = fi(M w ). Assume that D contains a tuple (£ (0), n{M)) (we will treat E as 
the cone used in Theorem |BJ. Then we say that D is a dendrite if the following conditions hold 

(1) For (E(g), W) € D the cone E(g) is transverse to /i(JV%), 

(2) For (T,(q),W) £ D if E(g) intersects a codimension one wall W' of [i(Mw) at a point q', 
then there is a unique cone £' such that (E'(g'), W) G D. 

Obviously it is possible to construct a dendrite which contains a tuple (£o(0), n(M)) as long as Eo 
is transverse to n(M). 

Now consider formula (|4.4(l of Theorem IbI produced using the cone Eo- Assume we are given a 
dendrite D containing (£o(0), /i(M)). Every term in the summation on the right hand side of (|4.4I) 
corresponds to an intersection pi = /xs(Gj) of Eo with a codimension one wall Wj. By definition 
of the dendrite, there exists a unique cone Ei such that (£i(pj),Wi) G D. Set Hi — Hwi and 
Mi — Mwi and notice that Gi — Mi// (T/ Hi). Moreover, let us shift the moment map on Mj by 
defining jii = — Pi. Then, we can apply Theorem IBI to the T / Hi action on Mj and the cone Ej to 
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compute 

f H ( L *M V \ 

/ k ; Res m ( dX m ' ) 

as a sum of integrals over symplectic reductions of the form N//(T/H), where H is a two dimensional 
subtorus of T and N is a connected component of M H . 

Repeating this process we can express J Mq Ko(rj) as a summation of integrals over the connected 
components of the fixed point set M T . More specifically, for a dendrite D we say that the sequence 
of tuples from D 

((So(gb), Wo), (£1(91), Wi), . . . , (Efcfafc), W3t)) 

is a path P if (£o,/x(M)) = (£o(qo), Wo); W& is zero-dimensional, so that there is a connected 
component F of M T with /i(F) = W k (we will denote this F by Fp); each is an intersection of 
£j_i((7j_i) with a codimension one wall Wj of ^(Mwi^)- For a path P, let fcj = dimFFj. Then 
for 7 S H^^ Hw (Afwj-_i) and an appropriately chosen set of coordinates on the Lie algebra of 

T/Hw^, define' 

g J ( 7 ) = - B «^(^_^ J ). 

For a path P define 

Qp = Qk° ■ ■ ■ ° Qi- 
The above discussion proves the following. 

Theorem D. For a dendrite D and r) € H^,(M) 

/ «ofa) = c?Mo X! / Q^l 7 ?) 

where the above sum is taken over all possible paths in D. 

Now consider a collection D of tuples (S(g), W), where £(g) is a shifted cone of any dimension 
and is a wall of /x(M) such that E(g) lies inside the affine space spanned by W. Again, every W 
uniquely determines a subtorus H\y of T and a connected component M\y of M w such that 
W = fi(Mw)- Assume that D contains a tuple (£q(0), /x(M)). Then we say that D is a multi- 
dimensional dendrite if the following conditions hold 

(1) For (S(g), W) G D the cone S(g) is transverse to /ti(M^), 

(2) For (S(g), W) € D if a face of S(q) of dimension r < dim W intersects a wall W' of /i(Afn/) of 
dimension dim W — r at a point q' , then there is a unique cone £' such that (E'(g'), W) G D. 

In analogy with the case of dendrites of one-dimensional cones, consider formula l|4.10|l of Theo- 
rem |21 produced using the cone E . Assume we are given a multi-dimensional dendrite D containing 
(So(0), fj,(M)). Every term in the second summation on the right hand side of l|4.10|l corresponds 
to a new connected component F[ of M^. Moreover, its moment map image p\ = /zs(P/) is always 
an intersection of a face of E with a wall W% of complementary dimension. By definition of the 
multi-dimensional dendrite, there exists a unique cone Ej such that (Sj(pQ, Wj) G D. (Notice that 
M\Vi and Hwi are just Mi and Hi in the notation of Theorem^!) As in the case of one-dimensional 
cones, we know that F- = Mi// (T/Hi), so we can apply Theorem IU1 to the T / Hi action on Wi and 
the cone Ej(j^) to compute 

/ nf/Res™_ k+1 ([dX z ]™_ k+1 *f* ^ 

J Mi// (T/Hi) K e{V{Mi))Ti' 

as a sum of integrals over symplectic reductions of the form N//(T/H), where H is a subtorus of T 
of dimension at least 2 and N is a connected component of M H . 
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Using the multi-dimensional dendrite we can iterate the process and express J M Ko(rf) as a sum- 
mation of integrals over the connected components of M T as follows. For a multi-dimensional 
dendrite D we say that the sequence of tuples 

((Eo(«d), Wo), (E x (ft), Wi), (Efc(g fc ), W k )) 

is a path P if (So, p(M)) = (£0(30)) Wo)> Wk is zero-dimensional, so that there exists a connected 
component F of M T with (i(F) = Wk (again we denote Fp = F); each qj is the intersection of the 
interior of a face a of £j_i((fy-_i) with a wall of ^(Mw J _ 1 ) such that dim a+ dim Wj = dim Wj-\. 
For a path P, let fcj = dimWj and rrij = dimEj. Then for 7 G ^t/h w . i^Wj-i) an d an 
appropriately chosen set of coordinates on the Lie algebra of T '/ ' H^ j l define 

Q,(7) = -Res^ mj+1 (MX]^„ lj+1 -^^). 

For a path P define 

Qp = Qk ° ■ ■ ■ ° Qi- 

It is clear that Theorem IDl holds in the case when D is a multi-dimensional dendrite. 

5. A NEW PROOF OF THE jEFFREY-KlRWAN LOCALIZATION FORMULA. 

As explained in the previous section it is possible to iterate the formulas of Theorems [B] and [U] 
using (multi-dimensional) dendrites to express integration of K (rj) over M as a sum of integrals 
of certain forms over the connected components of M T . In this section we present another way of 
writing such a formula. The rough idea is to choose a very wide cone E, whose dual is inside a 
certain cone A, then apply the residue operation with respect to A to the ABBV formula for r\e %u} 
(where Cj is the equivariant symplectic form) in such a way that the terms corresponding to the new 
fixed points F[ of My are zero. As a result we will obtain a new proof of the the Jeffrey-Kirwan 
localization theorem |JKlj . 

5.1. The choice of the cone. In this section we explain how to choose the cone E. It is convenient 
to think of E as a very wide cone, in other words a cone which is close to being a hyperplane. 

Given an effective Hamiltonian action of T on a compact manifold M, let {ai} be the set of 
all weights appearing in the isotropy representation of T at the fixed points. Pick a connected 
component A of the set 

U G tMO + for all i}. 
Consider the dual cone A* = {X G t*|A"(£) > for all £ G A}. Now pick a cone E transverse 
to n{M) spanned by m = dimt weights fli, . . . , (3 m such that E satisfies 

(1) A* C E, or in other words E* C A, 

(2) For every wall W of /x(M) if W D E is not empty, then there exists £w G E* such that the 
maximum of q(£w) f° r Q G W D E is attained at a vertex of W . 

Let us explain why such a cone E always exists. Pick a rational vector ( eA and let H be the 
hyperplane in t* annihilated by £o- For a weight p in the interior of A* define H p = H + p. Then 
Hp H A* is a rational polytope. In particular, there exists a simplex S C H p with rational vertices 
j3 m which contains the polytope H p n A*. Take the weights 0i, . . . , (3 m , which define E, to 
be multiples of fii,.. ■ ,0 m . Clearly E satisfies (1). Moreover, by increasing the size of S, that is 
by making E wider, we can always guarantee that E satisfies (2). Since there are infinitely many 
choices of simplices S, there is a choice of S for which E is transverse to n(M). 

Now consider the symplectic cut My, and the set {7^} of all the weights which appear as weights 
of isotropy representations at fixed points of My ■ Consider the set 

E* n {£ G t| 7 i(0 ± for all i}, 

and let the cone A be a connected component of this set. 
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For each connected component F of M^, let {7/} be the set of weights of the isotropy repre- 
sentation of T at F. Polarize the weights {7/} using A, that is if 7^ (£) < for all £ G A then set 
7^ = Jj, otherwise let 7^ = ~lf- Define Cp to be the cone containing all the points of the form 
fis(F) + s jlf with Sj being nonnegative real numbers. 

If F is an old connected component of the fixed point set, then the polarization of the weights 
{7^} using A is the same as using A, since Ac A. If F = M , then Cp = — £. For the new fixed 
points let us prove the following important fact. 

Lemma 5.1. Let F be a new connected component of the fixed point set M£ . Then the cone Cp 
does not intersect the interior o/E. 

Proof. Let p = (j,s(F). Since £ intersects /x(M) transversely, there is a subtorus H of T and a con- 
nected component M' of M H for which F is the symplectic reduction of M' at p. Moreover, p is just 
the intersection of the wall W = /x(M') of dimension k and an open face a of £ of dimension m — k. 

Let us order the weights {7^ }™ =1 of the isotropy representation of T at F in a special way. Assume 
that each of the first k' weights is parallel to an intersection W n a' , where <r' is an open face of £ 
such that dim er' = dime + 1 and the closure of a 1 contains a. Assume also that each of the last 
n — k' weights is parallel to an intersection W' fl er, where W is a wall with dim W' = dim W + 1 
and W C W. (It is easy to see that every 7^ falls into one of these categories.) 

Let Cp be the cone spanned by the first k' polarized weights centered at the origin and let Cp be 
the cone spanned by the other weights, also centered at the origin. Then Cf = p + Cp + Cp. Since 
the cone p + Cp lies in the affine space passing through er, it remains to show that p + Cp does not 
intersect the interior of £. 

If two of the weights are parallel, then we can remove one of them without changing the 
polarized cone T,p, Since the first kl weights point in exactly k different directions (there are 
precisely k faces er' of E with er C a' and dimcr' = dimer + 1), we can assume without loss of 
generality that k' = k. 

Let the first k weights span a cone Cp centered at the origin. It is clear that in a small neigh- 
borhood of p the polytope E n W is equal to the cone p + Cp. Moreover, since the first k weights 
are linearly independent, the cones Cp and Cp are either the same or do not have common points 
in the interior. So it remains to show that Cp and Cp are different, which is the same as showing 
that during polarization at least one of the first k weights changes sign. 

So, we must show that it is impossible to have 7^ (£) < for 1 < j < k for every £ £ A. If this 
happens then the maximum of g(£) for q G W D E is attained at ^(F), which is impossible, by 
property (2) of the cone E. □ 

5.2. Jeffrey-Kirwan localization. Let cones A, A and E be defined as in the previous section. 
Consider the symplectic cut Mj> Let p G E be a point close to the origin. Then \i e = ^ ~ ep for 
e > is a moment map on Ms. Define uj e = + ifi £ to be an equivariant symplectic form on Ms, 
where ujy, is the symplectic form on Ms. 

For a form r\ G H T (M), there corresponds a form rjy, G H T (M^). Apply the ABBV localization 
theorem to get 

(5.1) f me*' = ik + E J fi + E p n 

where 

P = J_MF)) f 4 fee") = J_ tfa(F)-ep) f ^fase") 
F dp Jp e{v{F)) dp Jp e{v{F)) ' 

Let us now apply Lemma l3.3l to the function J M ^ e We and cones A and — A: 
Res K ([dX] f 7 m e^)=R es - K {{dX} f vse*'). 

J Ms J Ms 
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Hence by l|5.1|l we get 

(5.2) Res A ([dX](P Mo +E^+E 7 %)) = Rcs- A ([dX](/| /o +J2 T k+J2 T k» 

Let us show that four out six terms of (|5.2(l are zeros. 

Indeed by Lemma HTT1 the cones Cp< do not contain ep. Hence by property QJ of the residue, we 
get 

Res A (/^) = 0. 
Analogously, since the cone Cm does not contain ep 

Similarly, for small enough e the cones —Cp; and —Cpi do not contain ep. Hence by property Q 
of the residue we have 

Res^ A (/fv) = 0, Res" A (7f, 3 ) = 

for all i and j. 

Hence only two terms of ()5.2JI are not zero. Moreover, since A and A define the same polarization 
at each Fi one of these terms can be modified using 

Res A (i>.) =Res A (I £ F J. 

Hence these computations transform (|5.2|l into 

(5.3) Res- A (/! /0 )=5>es A (/f,). 

Let us now take the limit of both sides of (|5.3|) as e — > 0. By property (3) of the residue map, and 
by equations l|3.13(l and i|4.7|) we have: 

lim Re S - A (IiJ=c' f K (r?e w ), 
e-»o+ J Mo 

for some constant c'. Hence the limit of i|5.3[) gives 

Jm i v Jf* e[v(Fi)) ' 

for some constant c. 

To finish the proof of Theorem lAl remember that Fi are the old connected components of the 
fixed point set M£, so that Fi C M T and /i(Fj) = /is(F). In particular, L* F {r)^e") is the same as 
the restriction of -qe^ £ H^(M) to Fi. Moreover, if for a connected component F of M T its moment 
map image fi(F) is not inside E, then the cone at F polarized with respect to A does not contain 
the origin, and by property QJ of the residue the term which corresponds to F in the formula 
is zero. 
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